ABSTRACT. Let G be a Vilenkin group. Let E C G be closed with Haar measure zero. We show there is a continuous function whose Vilenkin-Fourier series diverges at every point in E.
Introduction.
Kahane and Katznelson (see [2, Chapter II, 3.4] ) have shown that every set of measure zero is a set of divergence for trigonometric-Fourier series of continuous functions. It was expected that the same result would hold for WalshFourier series, but repeated attempts have failed to settle this question. (For a survey of these attempts see [4] .) Thus far only particular uncountable sets of divergence have been identified.
In this paper we consider the problem for general Vilenkin groups G and show that any closed subset of G of Haar measure zero is a set of divergence for continuous functions. Our proof, in the spirit of Kahane and Katznelson, depends upon the construction of polynomials Pi,P2,... all uniformly bounded by 1, but having partial sums which are successively larger and larger on the compact set E under question.
For G of bounded type Gosselin [1] has shown that E must have Haar measure zero. Nevertheless the most general set of divergence remains unknown.
We are very grateful to Dr. William R. Wade for discussions concerning this problem.
2. Basic facts for Vilenkin groups. A Vilenkin group is defined to be a compact, second countable, zero-dimensional abelian group. It follows that there is a chain of subgroups normalized Haar measure fj, on G is given by p(Gfe) = iV^"1 for k = 0,1,2,_ Let ip be a character of G. Then there is k such that ip = 1 on Gk-The smallest such k is called the conductor of ip. If ip has conductor k, then tp can be viewed as a character on the finite group G/Gk-Conversely, a character on G/Gk yields a character on G and distinct characters on G/Gk yield distinct characters on G. Thus there are Nk characters with conductor < k for k = 0,1,2,_The characters can be ordered so that o = 1, ipi has conductor k for Nk-i < I < Nk, and Nk j+i = ipNk jtpi for k = 0,1,2,..., for j = 1,2,3,..., and 1 = 0,1,...,Nk -1.
The above conditions allow some arbitrariness in the ordering of the characters. Indeed, if one proceeds by induction then the above conditions allow the choice of ipNk-j for j = 1,... ,pk to be any character of conductor k + 1 not already chosen. (More restrictive conditions for ordering the characters are sometimes given, see [3] .) Define m (B n for nonnegative integers m and n by requiring ipm ■ ipn = ipm®n-We let 9 be the inverse operation for ©. The condition tpNk.j+i = ipNk-j ' V'i given above becomes Nk ■ j ® I = Nk ■ j + I for I = 0,1,..., Nk -1.
Let /(/) = SGf(x)Ux)dx for any / S L\G). Set Smf(x) = E™"1 f(l)iPi (x) and S*f(x) = supm>0 |Sm/(x)|.
The well-known identity
Thus any function / constant on cosets of Gk is a G-polynomial, i.e. such / equals Si=o /(O^ii1) f°r some M < oo.
3. The main theorem.
THEOREM. If E C G is compact and has measure 0, then there is f G C(G) such that Smf(x) diverges for x G E.
In §5, we extend the result to F-o sets.
To prove the theorem it suffices to construct polynomials Ri for I = 1,2,... such that ||P/||<x> < 1 and S*Ri(x) > 1/2 for x G E. Indeed, given such polynomials, then, by induction on /, we can choose k¡ so that Pi s ipNk ■ R2' satisfies Pi(j)Pm(j) -0 when m < / and for j = 0,1,2,-It is thus clear that Y^x(Pi(x)/l2) converges absolutely and uniformly to a continuous function /. Furthermore, the Vilenkin-Fourier series of / is given by (1) ß(Ij n Hi) < n(Ij ~ Hj), for 1 < j < M.
CLAIM. Given any G-polynomial R of order less than Nko which satisfies Thus ISm+r-QI > (I + l)/2 on Hi in all cases. To obtain bounds for Q, observe that the supports of / and R are disjoint by definition. Since both / and R are dominated by 1, it follows that ||Q||oo < 1-Moreover, (1) implies that |/| < ô n Ho-Since R vanishes on Ho, it is clear that \Q\ < ^ on Ho-Finally, by construction, Q is a G-polynomial of order less than Nkl ■ Hence the proof of the claim is complete.
(ii) For the second step, use the fact that E is compact to choose sets G = Eq D Ei D ■ • • such that E -f]¡^i Et, and such that E¡ is a finite union of cosets of some Gfc(i), say Ei = U,=i A • Since n(E) -0 we may suppose that k(l) < k(l + 1) and when constructing Ei+\ from Ei that each coset /■ ' has been diminished by at least half, i.e., (3) ix(I?)nEl+1)<p(I?)~El+i) for l<i<M(Z)and/GN. for all x G £^¿+1 3 E2i+2.
Step (iii) is finished and thus the theorem is proved.
5. P-sigma sets. Let Ej for j = 1,2,... be compact sets of measure zero. For each j construct R¡ = R¡ as in §4. Now let P¡ = R^l/Pj2 to get a countable collection of polynomials satisfying ^ , HP/Hoo and sup^ ¡ 5*P/(x) = 00 on E = (J^lj Ej. Hence / defined by / = ^2ipNkU ^Pf for appropriate Nk(¡¿) is continuous and will satisfy "Smf(x) diverges unboundedly for all x in E". Thus any F-a set of measure zero is a set of divergence for C(G).
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